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Abstract. In the work of Hoshino, Kato and Miyachi, [TT], the authors look 
at t-structures induced by a compact object, C, of a triangulated category, 
T, which is rigid in the sense of lyama and Yoshino, [12] ■ Hoshino, Kato and 
Miyachi show that such an object yields a non-degenerate t-structure on T 
whose heart is equivalent to Mod(End(C)°P). Rigid objects in a triangulated 
category can the thought of as behaving like chain differential graded algebras 
(DGAs). 

Analogously, looking at objects which behave like cochain DGAs naturally 
gives the dual notion of a corigid object. Here, we see that a compact corigid 
object, S, of a triangulated category, T, induces a structure similar to a t- 
structure which we shall call a co-t-structure. We also show that the coheart 
of this non-degenerate co-i-structure is equivalent to Mod(End(S')°P), and 
hence an abelian subcategory of T. 



0. Introduction 

Suppose T is a triangulated category with set indexed coproducts and let 
H : T T denote its suspension functor. Hoshino, Kato and Miyachi, in [TT], 
show that a natural t-structure is induced on T by a suitably nice compact 
object of T. In particular, they consider a compact object S of T which satisfies 
the following two conditions: 

(1) RomriS, E'S) = for all i > 0; 

(2) {T.'-S I z G Z} is a generating set for T. 

Following the terminology of lyama and Yoshino, we refer to an object satisfying 
the first of the two conditions above as rigid, see jT2]. We shall give precise 
definitions of the notions of t-structure, compact object and generating set in 
sections [T] and [H 
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If S" is a compact rigid object of T and {S^S* | i G Z} is a generating set for 
T, then the two halves of the t-structure obtained in [TT] are given by 

X = {X eT \ Homr(5, S'X) = for « > 0}, 
y = {X eT \ Homr(^, = for « < 0}. 

This situation bears resemblance to the example of a chain differential graded 
algebra (DGA) R in its derived category 'D{R), whose objects are the differential 
graded modules over R (DG i?-modules). Introductions to the theory of DGAs, 
their derived categories and DG modules can be found in pQ, [B] and [lOj . 

Recall that a DGA is called a chain DGA if H'{R) = for alH > 0. 
Moreover, given a DG i?-module M we have 

H\M) = Hom2,(H)(/2, SW) for all i e Z. 

Hence, the object S considered in yjj is analogous to a chain DGA and the 
two halves of the t-structure it induces are analogous to the full subcategories 
of DG -R-modules whose cohomology vanishes in positive and negative degree, 
respectively. 

In the theory of DGAs, when one has a construction for chain DGAs it is 
natural to ask: what is the dual construction for cochain DGAs? Likewise, 
it is natural to ask, what is the structure induced by a compact object of a 
triangulated category which behaves like a cochain DGA? Recall that a DGA 
R is called a cochain DGA if W{R) = for z < 0. 

Unfortunately, it is well known in the theory of DGAs that constructing a 
viable dual theory for cochain DGAs is often difficult. In fact, at present the 
construction of a viable dual theory for DGAs always requires the additional 
assumption that the DGA R is simply connected in the following sense: 
is a division ring and H^{R) = 0. This lack of symmetry between the chain 
and cochain theories occurs throughout the theory of DGAs and in algebraic 
topology, see pj, for example. Thus, we shall consider the case of a compact 
object of a triangulated category which behaves like a simply connected cochain 
DGA. 

The structure which is induced by such an object is not a t-structure, but it 
turns out to be almost dual to the notion of a t-structure, and as such we call 
it a co-t-structure. Both t-structures and co-t-structures provide examples of 
torsion theories in triangulated categories in the sense of lyama and Yoshino, 
[T2j. Co-t-structures have also been introduced by Bondarko in ^ where they 
are called weight structures. They are studied in [7] in connection with the 
theory of motives and stable homotopy theory. 

The paper is organised as follows: in section [H we recall the concepts of 
preenvelopes and precovers and set up the notation of perpendicular categories. 
We then recall the notion of a t-structure and introduce the new definition of a 
co-t-structure, about which we prove some elementary properties and compare 
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and contrast this new notion with the existing notion of a t-structure. We also 
say why it is almost dual to a t-structure but not exactly dual. In addition, we 
introduce the definition of the coheart of a co-t-structure. 

In section |2l we look at a canonical example of a co-t-structure appearing 
in the setting of the homotopy category of an additive category. We then look 
at the simple motivating examples of the t-structure induced by a chain DGA 
and the co-t-structure obtained by a simply connected cochain DGA on their 
respective derived categories. Note again that in order to consider a viable 
cochain analogue we need to impose the simply connected hypothesis. We 
present a brief exposition of Hoshino, Kato and Miyachi's theorem, which is 
obtained in [TT] , which generalises and abstracts the example of the t-structure 
induced on the derived category of a chain DGA. Hoshino, Kato and Miyachi's 
theorem is presented here as Theorem 12. 3[ 

The remainder of the paper is devoted to proving the simply connected 
cochain analogue of Hoshino, Kato and Miyachi's theorem, which is presented 
as Theorem 12. 4[ the first half of the proof appearing in sections |3] and HI In ad- 
dition to inducing a t-structure, Hoshino, Kato and Miyachi also prove that the 
heart of the induced t-structure, which is well known to be admissible abelian 
(see [3] and [13]), is equivalent to the module category of the endomorphism 
algebra of the object inducing the t-structure on T. Here, we are able to prove 
a similar result regarding the coheart of the induced co-t-structure. It is known 
that the coheart of a co-t-structure is not always abelian, and may be very rarely 
so. Indeed, a specific example whose coheart is not abelian is constructed by 
Bondarko in [7]. However, the example of a co-t-structure which we present 
in this paper has an abelian coheart by virtue of its equivalence to a module 
category; this is the subject of section O 

1. Definitions, terminology and notation 

In this section we shall introduce some of the basic definitions, terminology 
and notation which we shall use throughout this paper. We start by recalling 
the concept of a preenvelope and the notation of perpendicular categories; then 
we give the definition of a t-structure on a triangulated category and introduce 
the definition of a co-t-structure and some of its basic properties. 

Throughout this paper T will be a triangulated category with set indexed 
coproducts. We shall denote the suspension functor on T by S : T ^ T, and 
we shall write B.om{X, Y) instead of B.omq-{X, Y) for the Hom-sets of T. 

1.1. Preenvelopes and perpendicular categories. We recall the following 
definition from [8j. 

Definition 1.1. Let be a full subcategory of a category C and suppose X is 
an object of C. A morphism (p : X ^ F with F G is called an -preenvelope 
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if for each morphism X F' with F' ^ T there exists a morphism F ^ F' 
making the following triangle commute. 



X V 

F' 

An jF-preenvelope is sometimes called a lejt J^- approximation. We obtain the 
notion of an T -precover by dualising the definition above. 

Definition 1.2. Let S be an object of a triangulated category T . The subcat- 
egory right n-perpendicular to S", denoted by S"^", is given by: 

S^- := {X G T I Hom(>S, S^X) = for i = 1, . . . , n}. 

The subcategory right oo- perpendicular to S, denoted by S^°°, is given by: 

S^^ ■={X eT \ Hom(S', S^X) = for 2 > 0}. 

Similarly, one can also define the subcategories left n-perpendicular and left 
oo -perpendicular to S. 

For a subcategory S of T, we define: 

■= {X \ Hom(5, X) = for all S eS}, 

:= {X eT \ Hom(X, ^) = for all S G 5}. 

1.2. t-structures and co-t-structures. The concept of a t-structure on a tri- 
angulated category T was first introduced by Beilinson, Bernstein and Deligne 
in [3]. The basic theory of t-structures can be found in [3] and [T3] . 

Definition 1.3. Let T be a triangulated category. A pair of full subcategories 
of T , {X ,y), is called a t-structure on T if it satisfies the following properties: 

(1) X C ^-^X and J^-'^y C 37; 

(2) Hom(A',S-i3^) = 0; 

(3) For any object Z of T there exists a distinguished triangle 

X ^ z s-^y ^ EX 

with X G and y G 3^. 

The full subcategories X and y are often denoted by T***° and T*^*^, or 
simply by T^" and T^", respectively; see [7] and [TT]. 

The notion of a t-structure has become widespread in the study of triangu- 
lated categories and lends itself particularly well to induction arguments in this 
setting, see for example [5]. 

We next introduce the almost dual notion of a co-t-structure. We note that 
co-f-structures have also recently been introduced by Bondarko in [7j where 
they are called weight structures. 
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Definition 1.4. Let T he a triangulated category. A pair of full subcategories 
of T, {A,B), will be called a co-t-structure on T if it satisfies the following 
properties: 

(0) A and B are closed under direct summands; 

(1) E-U C ^ and i3 C S-^S; 

(2) Hom(E-U,i3) = 0; 

(3) For any object X of T there exists a distinguished triangle 

T.-^A ^ X ^ A 

with Ae A and B e B. 

In [7j the full subcategories A and B are denoted by T""^^ and T"'^°, respec- 
tively. 

It is easy to see that A is closed under direct summands if and only if T,~^A 
is closed under direct summands; similarly for B. 

One can see that by interchanging the roles of X and 3^ in the definition of a t- 
structure, properties (1), (2) and (3) in Definition [O] become the corresponding 
properties in the definition of a co-t-structure. The inclusion of condition (0) in 
Definition 11.41 is the reason why a co-t-structure is almost dual to a t-structure 
rather than simply being its dual. We also note that properties (2) and (3) in 
Definitions 11.31 and 11.41 make {X, T,~^y) and (E~^^, B) into examples of torsion 
theories in the sense of |12j . 

The notion of a non-degenerate co-t-structure can be defined in a manner 
analogous to that of a non-degenerate t-structure. 

Definition 1.5. A co-t-structure {A,B) on a triangulated category T will be 
called non-degenerate if we have 

p|EM= p|S"i3 = {0}. 

Recall that a full subcategory A" of a triangulated category T is said to be 
dosed under extensions if, whenever we have a distinguished triangle 

X' X X" sx' 

with X' and X" objects of X, then X is also an object of X. We next give 
some elementary properties of co-t-structures. 

Proposition 1.6. Let T he a triangulated category and suppose {A,B) is a 
co-t-structure on T . We have: 

(i) For all objects X of T there exists an A-precover a : Ti^'^A X . 

(a) For all objects XofT there exists a B-preenvelope /3 : X ^ B. 

(Hi) We have E'U = ^B and B = (S-M)^. 

(iv) A is closed under extensions. 

(v) B is closed under extensions. 
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Proof: Properties (i) and (ii) are immediate consequences of the definition 
of a co-t-structure: the S~^^-precover a : Yj~^A X and the ;B-preenvelope 
(3 : X ^ B are just the first and second morphisms in the distinguished triangle 
given by property (3) of Definition 11.41 Property (iii) is a consequence of con- 
dition (0) and the orthogonahty condition (2) of Definition ll.4[ and properties 
(iv) and (v) are easy consequences of property (iii), see [12]. □ 

One sees in Proposition II. 61 that preenvelopes and precovers replace the trun- 
cation functors associated with t-structures. In order to obtain the equalities of 
property (iii), and thus the fact that both halves of the co-t-structure are closed 
under extensions, we need to assume condition (0) of Definition 11.41 which says 
that both halves of a co-t-structure are closed under direct summands. 

Let [X ^y) be a t-structure on a triangulated category T. The intersection 
7i = Xny, of both halves of the t-structure is called the heart of the t-structure. 
It has the nice property that it is an abelian subcategory of T. In particular, 
the hearts of t-structures provide a means of obtaining abelian categories from 
triangulated categories. We define an analogous notion for co-t-structures. 

Definition 1.7. Let {A,B) be a co-t-structure for a triangulated category T. 
The intersection C = ACi B will be called the coheart of the co-t-structure. 

It would be hoped that the coheart of a co-t-structure on T would be an 
abelian subcategory of T. Unfortunately, this is not the case, see [7j. However, 
in this paper we present an example in which the coheart does turn out to be 
an abelian category. 

In the next section we give some examples of co-t-structures. 

2. Some examples of t-STRUCTURES and CO-t-STRUCTURES 

2.1. A canonical example. The following example is taken from [7] . Let C be 
an additive category and let /C(C) be its homotopy category. We claim that the 
following pair of full subcategories of /C(C) forms a co-t-structure on T = /C(C). 
Let 

A = {complexes in /C(C) isomorphic to complexes C | = for i < 0}, 
B = {complexes in /C(C) isomorphic to complexes C | C* = for i > 0}. 

It is clear that A and B are closed under direct summands, and that H^^A C A 
and B C I]~^B. It is also clear that Hom(S~^^, B) = 0. We need to show that 
property (3) of Definition 11.41 holds. Suppose X is an object of /C(C): 



X 



X-2 ^ X-' X' X2 
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X: ^X-^ ^X-^ ^X^ ^X^ ^X^ 

B: ^X-^ ^X-^ ^0 ^0 

which gives us a distinguished triangle 

j:-^a^ X ^ B ^ A 

in /C(C). Hence {A,B) is a co-t-structure on T = /C(C). Moreover, it is non- 
degenerate and its coheart is just the class of complexes sitting in degree zero. 

2.2. Chain and cochain DGAs. Recall from the introduction that a DGA 
R is called a chain DGA if = for alH > 0; similarly, a DGA R is called 

a cochain DGA if W{R) = for all z < 0. A cochain DGA R is called simply 
connected if, in addition, H^{R) is a division ring and H^{R) = 0. 

Example 2.1. Let i? be a chain DGA. Let 'D{R) be the derived category of 
DG i?-modules, see [6], and define a pair of subcategories of V^R) as follows: 

X = {M e V{R) I H\M) = for i > 0}, 
y = {M e V{R) I H\M) = for 2 < 0}. 

It is easy to show that the pair {X , y) forms a t-structure on T>{R). Again, this 
t-structure is non-degenerate and its heart consists of DG i?-modules whose 
cohomology is concentrated in degree zero. 

Example 2.2. Let i? be a simply connected cochain DGA. Let T>{R) be the 
derived category of DG i?-modules and define a pair of subcategories of V^R) 
as follows: 

A = {M e V{R) I H\M) = for i < 0}, 
B = {M e V{R) I H%M) = for z > 0}. 

It is easy to show that the pair {A,B) forms a co-t-structure on T>{R). As in 
Example 12. ![ this co-t-structure is non-degenerate and its coheart consists of 
DG i?-modules whose cohomology sits in degree zero. 

Simply connected cochain DGAs arise naturally in algebraic topology as the 
cochain algebras of simply connected CW-complexes, see ^ and ^17], for ex- 
ample. 
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2.3. A it-structure obtained from a rigid object. Example 12.11 can be 
abstracted to an arbitrary triangulated category by looking at objects behaving 
like chain DGAs. Let i? be a chain DGA, and recall from the introduction that, 
given a DG -R-module M we have 

H\M) = Homp(ij)(i?, S^M) for i e Z. 

Thus, R being a chain DGA means that Homx)(i?)(-R, S*i?) = for z > 0. 

Now let T be an arbitrary triangulated category with set indexed coproducts. 
In the introduction, an object S of T was called rigid if we had 

RomriS, = for 2 > 0. 

Hence, a DGA i? is a chain DGA if an only if it is a rigid object in its derived 
category V{R). If we replace the chain DGA R with some suitably nice rigid 
object S of T, the following is a candidate for a t-structure on T: 

X = {X eT \ RomriS, S*A) = for z > 0}, 
y = {X eT \ RomriS, S*A) = for z < 0}. 

The suitably nice conditions we must place on 5* to obtain this t-structure are 
that S must be a compact object of T and the set {E^S* | z G Z} must be a 
generating set for T. Before stating the theorem in full, we recall the notions 
of a compact object and a generating set. 

An object 5" in a triangulated category T with set indexed coproducts is 
compact if the functor Hom(S', — ) commutes with set indexed coproducts, that 
is the canonical map is an isomorphism 

Rom{S, Y[Xi) = Y[ Rom{S, Xi) 

iei iei 

for all families of objects {Aj}jg/ of T indexed by a set /; see [15] and p[6]. A 
DGA R is trivially a compact object of V{R). 

A set of objects ^ in a triangulated category T is called a generating set for 
T if given any object A of T with Hom(G, X) = for all objects G of Q, we 
have A = 0. 

Example 12. II is a special case of the following theorem of Hoshino, Kato and 
Miyachi, which appears in ^llj . 

Theorem 2.3 ([llj. Theorem 1.3). Let T he a triangulated category with set 
indexed coproducts. Suppose S is a compact rigid object of T and assume that 
\T}S \ i E Z} is a generating set for T . Then the following forms a non- 
degenerate t-structure on T: 

X = {A G T I RomriS, S*A) = for z > 0}, 
y = {A G T I RomriS, S*A) = for z < 0}. 
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Moreover, its heart H = X oy is an admissible abelian subcategory of T in the 
sense of [3], and the functor 

Rom{S, -) : 7^ Mod(End(5)°P) 

is an equivalence of categories. 

The t-structure is induced as follows: suppose X is an object of T, a mor- 
phism a : X ^ Y with y G ^ is constructed such that, given any other object 
Y' & y and a morphism X ^ Y', then this morphism factors uniquely through 
a:X^Y, 



I 3! 
X V 

Y'. 

2.4. A co-t-structure obtained from a corigid object. In this paper we 
shall look at the structure which is induced by an object behaving like a cochain 
DGA. The subsequent sections of this paper are devoted to proving the following 
theorem, which is the cochain analogue, or dual, of Theorem 12.31 

Theorem 2.4. Let T be a triangulated category with set indexed coproducts. 
Suppose S is a compact simply connected corigid object of T and assume that 
{S^S* \ i E Tj] is a generating set for T . Then the following forms a non- 
degenerate co-t-structure on T : 

A = {X G T I EomriS, E'X) = for i < 0}, 

B = {X e T I Homr(5, S^X) = for z > 0}. 

Moreover, its coheartC = ACiB is an abelian subcategory ofT, and the functor 

Hom(5, -) : C ^ Mod(End(,S)°P) 

is an equivalence of categories. 

Theorem 12.41 is the natural generalisation of Example 12.21 in the same way 
that Theorem 12.31 is the natural generalisation of Example 12. 1[ 

In Section [3] we shall show that given any object M of T, there exists a 
morphism fi : M ^ M with M G S-^°° such that, given any other object 
N G S-^°° and a morphism M ^ N, then this morphism factors through 

\^ I 3 
\ V 

N. 

However, the factorisation is not necessarily unique. Thus we obtain an S-^°°- 
preenvelope. Note that in Theorem 12.41 above. B = 3-^°°. In Section |4] we 
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show that this S* °°-preenvelope induces a non-degenerate co-t-structure on T, 
while Section [5] is dedicated to proving that the coheart of this non-degenerate 
co-t-structure is equivalent to the module category Mod(End(S')°P), and hence 
abelian. 

We now make precise what we mean by an object of a triangulated category 
behaving like a cochain DGA. Following the definition of an n-rigid object in 
a triangulated category of lyama and Yoshino in p2j, we make the following 
definitions of an n-corigid object and a corigid object. 

Definition 2.5. An object S oiT will be called n-corigid if we have 

Hom(S*5, 5) = for < z < n. 

An object S* of T will be called corigid if we have 

Rom{E'S, S) = OioTt> 0. 

Note that a DGA i? is a cochain DGA if and only if it is a corigid object in 
its derived category V{R). 

Definition 2.6. Let S be an object of T . We shall call S a simply connected 
corigid object of T if it satisfies the following assumptions: 

(1) S is corigid, that is, Hom(E*S', S*) = for i > 0; 

(2) Hom(,S,S5) = 0; 

(3) End(S') is a division ring. 

Note that a DGA is a simply connected cochain DGA if and only if it is a 
simply connected corigid object in its derived category T>{R). 

Remark 2.7. For technical reasons, in the cochain analogue of Theorem 12. 3l we 
must also insist that S is simply connected in the sense of Definition l2.6[ This is 
due to the lack of symmetry in the theory of chain and cochain DGAs mentioned 
in the introduction: one is able to construct a theory for chain DGAs, but in 
order to construct a viable dual theory for cochain DGAs one has to introduce 
the assumption of simply connectedness; see, for example, [2]. 

3. Existence of an ^^""-preenvelope 

In order to obtain an S'-'"°°-preenvelope, we first show how to construct an 
(S^^-preenvelope for each n E N. It is useful to refer to a simply connected 
n-corigid object of a triangulated category: 

Definition 3.1. Let S be an object of T. We shall call S a simply connected 
n-corigid object of T if it satisfies the following assumptions: 

(1) S is n-corigid, that is, Hom(S*S', S") = for < z < n; 

(2) Hom(5,S5) = 0; 

(3) End(S') is a division ring. 



CO-t-STRUCTURES 



11 



Proposition 3.2. Let T be a triangulated category with set indexed coproducts. 
Suppose S is a compact simply connected (n + l)-corigid object ofT. Then, for 
each object MofT there exists an S^" -preenvelope : M — > M. 

Proof: Let M be an arbitrary object of T. We first construct a chain of objects 
and morphisms, 

M = Mo ^ Ml ^ M2 ^ M3 ^ ■ • • M„ = M 

witli Mfc G 5'-'-'= for eacli A; ^ 1, inductively using distinguished triangles. Sec- 
ondly, we verify that the composite of these maps is an iS^'^-preenvelope. 

Write M = Mq. Let n = 1; we construct an object Mi and a morphism 
Ho : Mq ^ Ml such that Hom(S', SMi) = 0. If Hom(S', SMq) = then set 
Ml = Mq and fiQ = Imq^ the identity map on Mq. If not, we can choose 
a, possibly infinite, coproduct S^"^^^ of copies of 5" and a nonzero morphism 
gi'mi) _i> SMo which becomes a surjection under the functor Hom(5', — ). Since 
the endomorphism ring End(S') is a division ring we can, moreover, choose nii 
so that this morphism becomes an isomorphism under Hom(iS', — ). We now 
extend this morphism to a distinguished triangle: 

(3.1) 5^™^) ^ EMo ^ SMi ^ 
Applying Hom(S', — ) to (13.11) gives the exact sequence: 

Rom{S, 5^™^)) ^ Hom(5, SMq) ^ Eom{S, SMi) ^ Hom(5, S^^^^^). 

Since Hom(^, ES^""'^) = 0, we get Hom(5, SMi) = 0. 

Now suppose k ^ 1 and suppose we have constructed a chain of objects and 
morphisms 

M = Mo ^ Ml ^ M2 ^ M3 ^ ■ ■ ■ Mfc 

with Mi e S"-*-' for 1 ^ i ^ A;, and where Hi : Mi ^ Mj+i is either the identity 
map or sits in a distinguished triangle 

g{m,+,) _^ Mi^ Mi+i 

If Hom(5, S'^+iMfc+i) = then set M^+i = Mk and take fik ■ Mk ^ Mk+i to 
be the identity map 1^,4. If not, we can choose a, possibly infinite, coproduct 
^(mfc+i) q£ copies of S and a nonzero morphism 5'^'^'=+i^ — >■ T^^^M^ which be- 
comes an isomorphism under Hom(S', — ), and then extend it to a distinguished 
triangle: 

(3.2) ^(^/o+i) _^ s'^+^Mfc ^ S'^+^Mfe+i ^ S^^^'^+i). 

As above, an argument from the long exact sequence of Hom-sets arising from 
(13. 2p shows that 

Hom(5, E^Mfc+i) = for i = 1, . . . , A; + 1. 
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The case i = k follows by the injectivity of Hom(>9, ^(^fc+i)) Hom(5, S'^+^Mfc); 
and the case z = /c + 1 by its surjectivity. 

Hence, inductively we obtain a chain of objects and morphisms of T, 

(3.3) M = Mo ^ Ml ^ M2 ^ M3 ^ ■ ■ ■ M„, 

where each map yU^ : —>■ M^+i is either the identity map or sits in a distin- 
guished triangle 

(3.4) ^ ^ Mk+i 

To see that the composite /u = ;U„_io- • -o^io^q from (13. 3p is an S'^"-preenvelope, 
we shall show that for each X G S-^" the map Hom(Mfc+i, X) Hom(Mfc, X) 
induced by /x^ is a surjection. Without loss of generality we may assume that 
each map sits in a distinguished triangle (13. 4p above, because if /ik = Ia/^, 
then the map Hom(Mfc+i,X) —>■ Hom(Mfc,X) is trivially an isomorphism for 
all X eT. 

Let X G 5"^"; applying Hom(— ,X) to distinguished triangle ( 13.40 . we get 
the long exact sequence of Hom-sets below: 

^j]-fc^{m,+i)^X) ^ (Mfc+i,X) ^ {Mk,X) (S^(^'+^)5(™'=+^),X), 

where we have written {A, B) as a shorthand for B.om{A,B). Now since we 
have Hom(5(™*+i),E'^X) = Hom(5("^^+i), S^'^+^^X) = for = 1, . . . , n - 1, 
the map 

Hom(Mfe+i,X) ^ Hom(Mfc,X) 

induced by fik is an isomorphism for k = 1, . . . ,n — l and a surjection for = 0. 
Hence, writing M = M„, the composite ;U : M — > M is an S'-'""-preenvelope. □ 

Lemma 3.3. Suppose further that S is a simply connected corigid object ofT. 
Then, for the S^"-preenvelope, fi : M ^ M, obtained in Proposition \ 3.2\ we 
have that 

Hom(5,S» : Hom(>S,S^M) ^ Hom(5,S*M) 
is an isomorphism for all i < 1. 

Proof: Applying the functor Hom(S', — ) to distinguished triangle (13. 4p . 

for ^ k < n in the proof of Proposition 13.21 shows that 

Hom(5, S>) : Rom{S, EW^) ^ Hom(>9, SW^+i) 

is an isomorphism for all z < k + 1. The isomorphism for i = k follows by 
the fact that the morphism 5'*-™*+!-' — > T.'^^^Mk in (13. 4p is constructed to be an 
isomorphism under Hom(S', — ). Hence the composite /i = /i„-_i o ■ ■ ■ o o is 
an isomorphism under Hom(5', E*— ) for all z < 1. □ 
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In order to obtain an S'^°°-preenvelope we need to introduce the key tool, 
which is called the homotopy colimit. The following definition is taken from 

m. 



Definition 3.4. Let T he a triangulated category with set indexed coproducts. 
Let 

V V V V -fs 

Aq > Ai > A2 ^ A3 > ■ ■ ■ 

be a sequence of objects and morphisms in T. The homotopy colimit hocolim(Xj) 
is constructed by extending the map 

00 00 

to a distinguished triangle: 

X, II ^ hocolim(X,) ^ S II X,. 

We will need the following lemma. 

Lemma 3.5 ([15], Lemma 2.8). Suppose S is a compact object of a triangulated 
category T and we have a sequence of objects and morphisms ofT: 

Xq — > — X3 — > ■ ■ • 

then colim (Hom(S', = Hom(S', hocolimX„). 

Proposition 3.6. Let T be a triangulated category with set indexed coproducts. 
Suppose S is a compact simply connected corigid object of T . Then, for each 
object M of T there exists an S^°° -preenv elope ^ : M ^ M. 

Proof: Let M be an object of T and write M = Mq. Let X e S-^°° and 
suppose we have a morphism ao '■ Mq —>■ X. By the argument of Proposition 
13.21 we can construct the following commutative diagram: 




with Mn G S'^" for each n ^ 1. We now construct the homotopy colimit, 
hocolim(Mj). By construction, the composite 



00 

Y[m,'^'1[m,Hx 



i=0 
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is zero, so that we have the following commutative diagram: 

lJ.=o ]lT=o M^ hocolim(M,) -SUM. 

/ " " 

That is, every morphism M — ^ X factors through hocolim(M() — X. 
Now we have: 

Hom(5,E^hocolim(M,)) = Hom(5, hocolim(E^Mi)) 

^ colim Hom(>S, SWi) 

= 

for J ^ 1. We obtain the first isomorphism because the homotopy colimit 
commutes with the suspension functor and the second isomorphism by Lemma 
13.51 The final equality is a consequence of the fact that Hom(S', Y?Mi) = for 
i sufficiently large and j ^ 1. Hence we have hocolim(M() G S-^°°. Therefore, 
setting M = hocolim(Mj), we obtain an S'-'"°°-preenvelope : M — > M. □ 

4. A CO-t-STRUCTURE INDUCED BY A COMPACT SIMPLY CONNECTED 

CORIGID OBJECT 

The aim of this section is to give a proof of the following theorem, which is 
the first half of Theorem 12. 4[ 

Theorem 4.1. Let T be a triangulated category with set indexed coproducts. 
Suppose S is a compact simply connected corigid object of T. Further assume 
that {Ti^S \ i E 7^} is a generating set in T. Then the following forms a non- 
degenerate co-t-structure on T : 

A = {X eT \ Hom(5, S^X) = for i < 0}, 

B = {X eT \ Hom(5, J:'X) = for 2 > 0}. 

Note that B = S^^ . 

In order to prove this we need a lemma analogous to Lemma 13.31 This is an 
immediate consequence of the next lemma. 

Lemma 4.2. Let S be a compact object of a triangulated category T and suppose 
we have a sequence of objects and morphisms 

^ Q() Qi 02 Q3 

Aq > Ai > A2 > A3 > ■ ■ ■ 

such that Hom(S', a„) : Hom(S', X„) Hom(S', X^+i) is an isomorphism for 
each 77, ^ 0. Then Hom(5', Xq) = Hom(iS', hocolim(X„)). 

Proof: It is well-known that the filtered colimit, colimHom(5', is isomor- 
phic to B.om{S, Xq). The assertion now follows by Lemma [3.51 □ 




CO-t-STRUCTURES 15 

Lemma 4.3. Under the assumptions of Proposition ISTB we have that 

Hom(S, S>) : Rom{S, E'M) Rom{S, S*M) 
is an isomorphism for i < 1. 

Proof: In Lemma EJl Hom(5, S'/i) : Hom(5, SW^) ^ Hom(^, E'Mk+i) is an 
isomorphism for i <1. Now apply Lemma [4.21 □ 

Proof of Theorem I4.lt Conditions (0) and (1) of the definition of a co-t- 
structure are clear. 

In order to show (2) assume X G E~^A and Y & B. Recall that B = S-^"^. 
By Proposition 13.61 there exists an S'"'"°°-preenvelope fj, : X X, that is, we 
have a surjection of Hom spaces 

Rom{X,Y) Hom(X,y). 

It is therefore sufficient to show Hom(X, Y) = 0. 

We have the following isomorphism of Hom-spaces and trivial Hom-spaces: 

Hom (5, S^X) = Hom (5, S^X) for alH < 1 (Lemma USD 
Hom(5, S^X) = for alH < 1 (since X e 
Hom (5, E'X) = for alH > (since X e B). 

It follows that Hom(S', E*X) = for all z G Z. The assumption that {H^S \ i G 
Z} is a generating set in T implies that X = 0. Thus Hom(X, y) = and we 
see that Hom(X,F) = 0. Hence Hom(S-U,i3) = 0. 

We next show condition (3). Suppose X is an object of T. By Proposition 
13.61 there is an S'"'"°°-preenvelope n : X X. Write B = X and extend the 
morphism fi : X B to a. distinguished triangle: 

(4.1) j:-^a^ X ^ B ^ A. 

We claim that Hom(S', E*A) = for i < 0. Consider the following long exact 
sequence obtained from fll.ip : 

Rom{S, S^-M) Hom(S, S*X) ^ Hom(5, E'B) Hom(,S, EM). 

Now, by Lemma [4.3[ we see that Hom(S', S*X) Hom(S', is an isomor- 
phism for all i < 1. Hence Hom(S', = for alH < and A E A. Hence 
the distinguished triangle in (14.11) above gives us the required distinguished 
triangle. 

It is clear that n„gzS"^ = n„ezS"i3 = {0} because {S'S* | i G Z} is a 
generating set for T. Hence [A, B) is a non-degenerate co-t-structure on T. □ 

Remark 4.4. In [7J, a co-t-structure {A,B) is called right adjacent to a t- 
structure {X,y) if ^ = 3^. By [4j, the full subcategory ^ of T occurs in a 
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t-structure {X,A) on T, where 

X = ^A:= {X eT\ Hom(X, A) = for all AeA}. 

Therefore, the co-t-structure on T obtained in Theorem 14. II is right adjacent to 
the t-structure {X,A). 

5. The coheart of the co-t-STRUCTURE OF Theorem 14.11 

In Theorem l2.3l Hoshino, Kato and Miyachi not only obtain a non-degenerate 
t-structure on a triangulated category T, but they also show that its heart, 
which is admissible abelian, is equivalent to the module category Mod(End(5')°P) 
We shall show that the coheart of the co-t-structure obtained in Theorem 14.11 
is equivalent to Mod(End(5')°P), where 5* is the object from Theorem 14.11 and 
where End(S')°P indicates that this is the category of right End(5')-modules. 
This is the second half of Theorem 12. 4[ and will complete the proof of the 
CO chain analogue of Theorem 12.31 

Setup 5.1. Throughout this section, we shall consider the co-t-structure of 
Theorem 14.11 that is, let T be a triangulated category with set indexed coprod- 
ucts, suppose 5" is a compact simply connected corigid object of T. Further- 
more, assume that {E^S" | z G Z} is a generating set for T. Then, by Theorem 
14.11 the following is a non-degenerate co-t-structure on T: 

A = {X eT \ Eom{S, E'X) = for i < 0}, 
B = {X eT \ Hom(S', S^X) = for 2 > 0}. 

Let C = An B he the coheart of this co-t-structure. 

Lemma 5.2. Under the hypotheses of Setup [3771 the functor 

Hom(5,-) :C ^Mod(rP), 

where k = End(S'), is dense. 

Proof: Consider the object S of T. Since {A, B) forms a co-t-structure on T, 
there is a distinguished triangle 

(5.1) E-^A^S — >B — >A 

with A E A and B E B. Applying the functor Hom(5', — ) to (15.1 p gives the 
following long exact sequence: 

(5.2) Hom(5, J:'S) Hom(^, T^'B) }lom{S, SM). 

In ([521) we have Hom(5, S*5) = Hom(>S, SM) = for alH < since AeA, 
so that Hom(,S, J^'B) = for all i < 0. We know that Hom(5, S^S) = for all 
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i > since B E B. Therefore, Hom(S', E*i?) = for all i ^ 0. By Lemma [4.31 
Hom(5', S) Hom(5', B) is an isomorphism. Hence we have: 

Hom(5,S^S(-)) = { °(^) ° 

where k = End(iS'). Hence Hom(5', — ) : C — > Mod(A;°P) is dense. □ 

Note that the fact that Hom(S', S) Hom(S', B) is an isomorphism forces 
Hom(S', A) = 0. Therefore, A is an object of T,^^A rather than just an object 
of A. 

The object B introduced in triangle (15.11) above has the useful property that 
any object in the coheart C can be described in terms of it; we show this in the 
next lemma. 

Lemma 5.3. Under the hypotheses of Setup [3T71 we have that each M E C is 
isomorphic to B^'^^ for some m. 

Proof: Consider the distinguished triangle (15.11) from Lemma [5.21 

^-^A ^ S ^B^A 

with A G T,~^A and B E C. Let M G C; since k = Hom(S', S) is a skew field, we 
can choose m such that S^^^ M becomes an isomorphism under Hom(S', — ). 
Again, by Lemma 14. 3[ the morphism S —>■ B becomes an isomorphism under 
Hom(5,-). 

We may now apply the functor Hom(— , M) to (15. ip and from the long exact 
sequence notice that the morphism Hom(i?,M) —>■ Hom(S', M) is an isomor- 
phism. So we obtain the commutative diagram: 



j-j-l^(m) ^ ^(m) ^ j^{m) ^ j^(m) 




M 



where both S^""^ M and 5'^™) S^™) are isomorphisms under Hom(S', — ). 
Hence the unique map U^™-) — > M making the diagram above commute becomes 
an isomorphism under Hom(5', — ). 

Now extend this unique map S^™) M to a distinguished triangle 

(5.3) S^*") ^ M ^ Z ^ 

and apply the functor Hom(S', — ) to give a long exact sequence. One easily 
sees from this long exact sequence that Hom(iS', S*Z) = for i ^ 0. The fact 
that the morphism — >• M becomes the isomorphism Hom(S', -B*-*"^) — > 
Hom(5, M) forces Hom(5, Z) = so that Hom(5, S^Z) = for all i e Z. Since 
{S^S* I i G Z} is a generating set for T, it follows that Z = 0. Hence B^"^^ M 
is an isomorphism. □ 
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Proposition 5.4. Under the hypotheses of Setup \5.1[ the functor 

Rom{S, -) : C Mod(rP) 

is full and faithful. 

Proof: We first show that Hom(S', — ) is faithful. Again, consider distinguished 
triangle (15. ip : 

By Lemma [5.31 any object M G C is isomorphic to some coproduct B^^\ where 
I is an indexing set and B^^^ denotes the, possibly infinite, coproduct U^^j B. 
Hence, to show fidelity we can consider a morphism B^^^ B^"^^ which becomes 
zero under Hom(S', — ) and show that it is itself necessarily zero. It is sufficient 
to show that the composite B ^ B^^^ B^'^^ is zero, where the morphism 
B ^ B^^^ is just the coproduct inclusion into the ^^'^-summand for each i E I. 
This puts us in the following situation: 




But, A e J:-^A and B^-^^ eC = AnB, so that Hom(A, E^-^)) = 0. Therefore, 
the dotted arrow above is necessarily zero. Hence the composite B ^ B'^^^ — > 
is zero, showing that Hom(S', — ) is faithful. 
We must also show that Hom(S', — ) is full. Suppose we have a morphism 

e : Rom{S, RorniS, S^^^), 

where / and J are again indexing sets. We must construct a morphism B^^^ — >■ 
which induces 9 under Hom(S', — ). We recall distinguished triangle (15.11) 
again: 

E-M — > S ^B — >A. 

Note that a : S ^ B becomes an isomorphism under Hom(— , S*-^-') because 
B'^^^ E C. Hence we get the following commutative diagram: 



(5.4) 



Eom{S, S(^)) Hom(5, S^-^)) 



Hom((T,B(^)) 



Hom((T,B(-')) 



Hom(5, fi(^)) ^ Hom(5, 5^^)) 
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where = }lom{a, B^-^^)-^ oOo Hom(a, Let Qi : B ^ 5^^) be the z*^- 

inclusion of the coproduct and consider its image (f){q^) : B B^-^\ By the 
universal property of the coproduct there exists a unique map {(p{qi)) : B'^^^ — > 
B'^'^^ such that the following diagram commutes for each i E I: 




Let us show that induces 9 under Hom(S', — ). The map Hom(5', cr) : 

Hom(5', iS) Hom(5', 5) is an isomorphism, therefore, it takes a set of gen- 
erators for Hom(5', S) to a set of generators for Hom(S', B). The vector space 
Hom(S', jS) is one-dimensional and generated by the identity map on I5, 
whose image under Hom(S', a) is a : S ^ B. Hence Hom(S', B) is generated by 
a. By the compactness of S, we have 

Hom(5, B^^^) = Y[ Hom(5, B) 
I 

and B^^^ is generated by |/| copies of cr. It follows that Hom(S', B^^^ ) is generated 
by the family {a o gj}jg/. Therefore, we now only need to check that 6 and the 
map, Hom(5', {(/){qi))), induced by {(f){qi)) coincide on this set of generators. 
By the commutativity of diagram (15.41) we have: 

e{q,oa) = Hom(a,5(^))o(/,(g,) 

= HHQi)) ° Qi) ° 

= Hom(S', o cr) 

Hence, 6 and Hom(S', {(p{qi))) coincide on a basis of Hom(S', B^^^), thus 

9 = Hom(S, {(/^{q,))) 

with {(piQi)) E }lora(B^^\ B^"^^) . Therefore, the functor Hom(S', — ) is full and 
faithful. □ 

Theorem 5.5. Under the hypotheses of Setup \5.1[ the functor 

Hom(^,-) :C^Mod(A;°P), 

is an equivalence of categories, and hence, the coheart C of the non- degenerate 
co-t-structure obtained in Theorem \4.1\ is an abelian category. 



Proof: By Lemma [5^ and Proposition 15.41 Hom(S', — ) is dense and fully faith- 
ful. Hence, by [T4i Theorem IV. 4.1], Hom(S', — ) is an equivalence of categories. 
□ 
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Theorems 14.11 and 15.51 now combine to give Theorem 12. 4[ 

Although it is known that the coheart of a co-t-structure is not always an 

abelian subcategory of T, see [7], Theorem 15.51 leads us to pose the following 

question. 

Question 5.6. Under what circumstances is the coheart of a co-t- structure on 
a triangulated category T an abelian subcategory ofT? 
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